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Comprehensive Model of Anisotropic Composite Aircraft Wings
Suitable for Aeroelastic Analyses
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A comprehensive plate-beam structural model suitable for aeroelastic analyses of aircraft wings made of
anisotropic composite materials is developed. The equations governing the static and dynamic aeroelastic equi-
librium of cantilevered swept-wing structures and the associated boundary conditions are derived by means of
the Hamilton variational principle. These equations incorporate a number of effects: 1) anisotropy of the materials
of constituent layers, 2) warping inhibition, 3) transverse shear flexibility, and 4) rotatory inertias. A uniform
swept-wing model composed of a transversely isotropic material is considered to illustrate the coupled and
separate effects of transverse shear deformation and warping restraint upon its divergence and static aeroelastic
load distribution. An exact method based upon the Laplace integral transform technique is used to solve the
above mentioned problems. The results displayed in this article reveal the importance of transverse shear and
warping restraint effects in predicting more accurately the static aeroelastic response of swept-forward wings.
However, for swept-back wings, these effects represent higher-order corrections to the classical theory.

Nomenclature
wing aspect ratio
sectional lift-curve slope
sectional pitching moment coefficient about
the aerodynamic center (positive nose up)
wing chord length measured perpendicular
to the reference axis
offset between the line of c.m. and the
elastic axis (positive forward), d/c .
Young's modulus
= offset between the spanwise reference axis
and aerodynamic centerline (positive
forward), e/c
transverse shear modulus
plunging displacement, positive upward
thickness of wing cross section, H/c
sectional lift, positive upward
Laplace transform operator
wing semispan measured along the
reference axis
load factor normal to the wing surface
static pressure
nondimensional dynamic pressure = q,cl’/
D.,, nondimensional divergence pressure
corresponding to E/G’ = 0, Q,/Q
component of the dynamic pressure normal
to the reference axis, =pV3;/2
transverse shear flexibility parameter, E/G’
= complex variable for Laplace \
transformation
sectional aerodynamic torque about the
elastic axis, positive nose up
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V., = component of the freestream velocity
normal to the reference axis

w = aircraft weight

X,, X, X3 = chordwise, spanwise, and transverse normal
coordinate to the midplane of the wing,
respectively

Q, = prescribed rigid wing angle of attack

0, = tracer, taken as 1 for warping restraint and
0 for free warping

M = x,/l

6 = twist angle

A = sweep angle of the reference axis (positive
for swept back)

v = Poisson’s ratio

Uy, ¥ = angles of rotation of a line element
originally normal to the reference plane,
about the x, and x, axes, respectively

U = reunion sign

O () = d()/dxs, d( )dn

Introduction

VER the last two decades advanced composite materials

¥ have been increasingly used in the design of aircraft and

spacecraft to decrease their weight, increase performance,

and allow the development of novel structural configurations.

Due to their outstanding properties, the advanced composite

materials are prime candidates for the design of the next
generation of aeronautical and aerospace vehicles.

Their unique features, manifested in terms of their anisot-
ropy, structural couplings, transverse shear flexibility, etc.,
require a better understanding of their implications in aero-
elastic analyses. To this end, the structural models used so
far to study the aeroelastic behavior of metallic wing structures
have to'be modified to include the new effects which are
prominent for the composite structures.

Within an earlier stage of the research activity, started only
15 yr ago, the classical equations governing the motion of
metallic wing structures have been extended to incorporate
the anisotropy and heterogeneity properties. These studies
prompted by Krone'! and Weisshaar®~* and followed by other
aeroelasticians®~ ' have revealed the following:
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1) The wing structures made of anisotropic composite ma-
terials can be tailored to improve their acroelastic response
characteristics.

2) The application of this technology can result in the elim-
ination of the divergence instability, a chronic problem facing
the aeroelastic behavior of swept-forward wing airplane.

Another degree of refinement consists of the incorporation
of the warping restraint effect. The study of its implications
on the static aeroelastic problems of swept-forward composite
anisotropic wing aircraft was accomplished.'>~ '3

The results concerning the structural'®—2" and aeroelastic'2~ %
behavior of cantilevered structures fully reveal that, in the
case of composite materials, the effect of warping inhibition
becomes more prominent and more complex than in the case
of their metallic counterparts.?! As was shown in Refs. 13—
15, due to elastic couplings featuring the composite cantile-
vered structures, the restraint of warping could yield not only
an increase of the divergence speed, as it was the case for
metallic wing structures,?! but also a decrease of it even for
high aspect ratio wings.

In addition to the above mentioned effects, the composite
material structures exhibit large flexibilities in transverse shear,
contradicting the usual assumption of infinite rigidity postu-
lated by the classical theory.?* Inherent to composite mate-
rials, this transverse shear flexibility could result in severe
detrimental effects upon the aeroelastic behavior of aircraft
structures. Moreover, during the high-speed flight regimes,
or during the entry or re-entry into the terrestrial atmosphere,
due to the high temperature fields induced by large heat-
transfer rates from high-speed flows to the vehicle structure,
this transverse shear flexibility could increase further.

Inclusion of these effects into the aeroelastic analysis could
result in corrections of order of magnitude comparable to or
even higher than the results obtained by classical theories.
These drastic changes cannot be ignored or underestimated,
and as a result, for an improved prediction of aeroelastic
behavior of wing structures composed of advanced composite
materials, this shear flexibility should be incorporated.

As a first step, the equations governing the aeroelastic equi-
librium of cantilevered wing structures made of anisotropic
composite materials and incorporating the various elastic and
structural couplings, the warping restraint, and transverse shear
effect will be established. An application of the present theory
to the study of divergence and aeroelastic load distribution
of swept-wing structures constructed of transversely isotropic
material will be presented. The combined and separate effects
of warping restraint (WR), free warping (FW), and transverse
shear deformation (TSD) on the static aeroelastic response
will be evaluated and discussed.

Basic Assumptions

The concept of shear deformable plate-beam model will be
adopted. The wing structure is idealized as a laminated com-
posite plate whose constituent laminae are characterized by
different orthotropicity angles and different material and
thickness properties. Let n be the total number of constituent
layers. The interface plane between the contiguous layers r
andr + 1 (1 = r = n) will be selected as the reference plane
of the composite structure. The points of the reference of the
wing (defined by x; = 0) are referred to a Cartesian system
of in-plane coordinates (x,, x,); the upward x; coordinate
being considered perpendicular to the (x,, x,) plane. The
chordwise location of the x, coordinate is as yet unspecified.

We also postulate the chordwise nondeformability of the
wing structure. This assumption is justified by the fact that
the semimonocoque wing structures usually contain transverse
stiffening members which are rigid within their own planes.

Kinematic Equations

To the end of obtaining the kinematic relations, the fol-
lowing representation for the displacement components of the

three-dimensional body of the structure will be used:

Ui X0, 335 8 = 1y(x x5 1) + xap(x x5 1) (la)
Us(xpy s, X35 1) = t(xy, X035 1) + xsflxy, x25 1) (Ib)

Us(x s xa x33 1) = us(xy, xs5 1) (lc)

Here (u,, u,, u;) denote the displacement components along
(%1, x5, x;) coordinates and are associated with the points of
the reference plane of the composite panel (x; = 0); 7 denotes
the time variable. Equation (1) corresponds to the first-order
transverse shear deformation theory (FSDT) (see e.g., Refs.
22 and 23).

Consistent with the chordwise-rigid plate model, we may
consider that

u, —0 (2a)
U, = Uy(X2; 1) (2b)
= (x5 1) = 0(xs; 1) (2¢0)

where 0 denotes the twist angle of the wing about its pitching
axis (positive nose up).

In order to reduce the three-dimensional problem of the
wing structure to an equivalent one-dimensional one, we will
further postulate

a(xy, xo; ) = folxas 1) + x,82(x03 1) (3a)

us(xis x5 1) = h(x2; 1) — (x; — x)8(x; 1) ° (3b)

Equation (3b) describes the vertical displacement of a wing
of rigid cross sections where h(x,; ) denotes the plunging
displacement of the wing cross sections measured at the elastic
axis {positive upward and located at x, = x, [=x,(x.)]}. Based
on Egs. (2) and (3), Eq. (1) becomes

Uy = x:0(x; 1) (42)
U, = us(x55 ) + x:(fs + x,8) (4b)
Us = hixs; 1) = (x, = x)00x55 1) (4c)

Within the linearized elasticity theory, and in conjunction with
Eq. (4), the strain components e;; result as

e, =U, =0 (5a)

€y, = U, = U5 + X3(fos + 6,x,855) (5b)
Ya(=2e,) = U, + U,y = x:(65 + g5) (5¢)
e = Uy =0 (5d)

vis(=2e,) = U5+ Us, =0 (5e)

Yaa(=2ex) = fo + X8 + hy — x,0, + (x,0),  (51)
In Eq. (5) and in the forthcoming developments, ( )}, = a( )/
dx;. Notice that a tracer 8, has been included in the coefficient
of g, of Eq. (5b) to identify the warping effect. 8, takes the
values 0 or 1, according to whether the free warping or warp-
ing restraint are implied, respectively.

It should be remarked that for

fo= —hy = (x0). (6a)
8 = 0, (6b)

the traditional Kirchhoff’s model of wing structures'® '* is
deduced, according to which y,; = ., = 0.

Equations of Motion and Boundary Conditions

Hamilton’s variational principle will be used to derive the
equations of motion and the boundary conditions.** Accord-
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ing to this principle, among all admissible displacements (paths)
which fulfill the geometrical boundary conditions on Q,, (i.e.,
U = U,on Q,where Q = Q, U Q_and Q, N Q, = @, with
Q, being the complementary part of the body surface ) and
the conditions that §U,; = 0 at ¢t = ¢, and t = t,, where t, and
t, denote the initial and final times of the motion, respectively,
the actual one renders the functional

Jef"(ou—fjuga)dr 7

stationary.

In Eq. (7), U, ¥, and o denote the strain energy, the kinetic
energy, and the potential energy of the body and surface
forces, respectively. From the stationary condition 8J = 0,
consistent with Eq. (7) and adopting the Einstein summation
convention, we may easily obtain

8] =0 = f dt [—f o, 8U,, dr

+ f p(3, — U)sU, dr + L gdU, dQ:' (8)

0

Here, 7 denotes the volume of the wing structure, ¥, repre-
sents the ith component of the body force vector  (per unit
mass), g, denote the components of the stress tensor, p is the
mass density, while the overdot denotes the time derivative.
In addition, an undertilde affecting a quantity identifies a
prescribed quantity while & is the variation sign.

Having in view that

dr = dA dx, 9)

where A denotes the cross-sectional area of the wing, we may
express

L[-]d7= j“[dxz L[-]dA (10)

where 2/ denotes the total span of the wing.
Defining the generalized stress couples of order (m, p) per
unit span as>

having in view Eq. (10) and the representation [Eq.(4)] for
U;; taking in the first integral of Eq. (8) the variations of the
displacement quantities and performing whenever possible
integration by parts, one obtains

I
[ osu,ar = [ remsu, + (142 - TONY,

+[8,TY — TOY —

22

T og. + TUY5h
+ITED — TUY + TG00 dxs + [T8"6u,
+ [TSVeRT + [8, Ty 8] + [T378h),

+ {[T(l(gl) — T(:;.O) + T(z(;.())x”]se}() (12)

As a next step, the evaluation of the integral

L 08U, d0 (13)

"

has to be performed. To this end, it should be observed that

for a cantilever wing its total external area can be represented
as the reunion of partial areas as

Q=0"U0 UK (14)

Here Q7+, 2, and QR denote the upper surface, lower sur-
face, and the right end cross-sectional area .of the wing, re-
spectively.

It may readily be seen that on (2* and £} we have

o =03 =P", g = 0, 0 (15)

gf — gy = P* — P =AP (16)
On Q. we have

G, = Gib + Tnls + Oy (17)

where i,, i,, and i; denote the unit vectors associated with the
rectangular coordinates x,, x-, and x;, respectively.
In light of Eqs. (14-17), Eq. (13) becomes

J. gboU,dQ = J AP[8h — (x, — x,)80] dQ
Q, QU -
+f 028U, (1) dQ +f 0,8 Us(l) dQ
Qp Qp
+ f 0>:6U(£) dQ) (18)
Qg
Defining

L(x,) = f

chord

AP dx,
(19)
T (x2) = Jchmd AP(x, — x,) dx,

as the sectional lift and aerodynamic torque about the elastic
axis per unit span, and in conjunction with Egs. (14) and (19),
Eq. (18) modifies as

1
J 08U, dQ = f (L8h + T86) dxs + TOV8u(l)
Q, 0 ==

+ TEVSA() + 8T "8g.(1) + TH"8h(1)

+ [TG0 — TEY + x (DT80 (20)

Finally, to complete the derivation of the equations of motion,
the evaluation of

| o, — v, ar 1)

has to be performed. Employment in Eq. (21) of Eqgs. (4)
and (10), and of the definitions>

(m.p) %’,
Frr ) f P [ } xixt dA (22)
107P(x,) A 1



706 KARPOUZIAN AND LIBRESCU: ANISOTROPIC COMPOSITE AIRCRAFT WINGS

for the generalized body forces and mass terms [of order (m,
p)]. respectively, Eq. (21) becomes

1
[ ot~ touar = || @rem - o0
T 0 2
— [(u.n]'(‘2 - 511(1.1)g2]5u2 + [Fi(),l)
- OB, = 510 Jof, + [V — 100,
— [0, — 5106 150, + {FOO — Jooj
+ 100 = x JOONBISh + {FOD — FOO

- [(0.1)1;"2

+ x(J:(fL“) —_ [1(0‘2) + Jemy 2x“1(1,n)
+ x(z)l(u.m]é + [1(1.0) _ x(,l“’~"’]ﬁ}89) dxz (23)

Collecting in Egs. (12), (20), and (23) the terms associated
with the variations du,, éf., 8g,, 6k, and 80, and having in
view that these variations are independent and arbitrary, from
the stationary condition 8/ = 0 [which concerns each instant
belonging to the interval (z,, 1,)], Eq. (8) yields

Equations of motion:

b 109, + IOV, + 8,108, — TEY —

FOO = @
) (24a)

8fy: 100G, + [0DF, + 8,108, — TOD + TO

- F0b =0 (24b)
8g.: 1MV, + 1(1'2)f2 + 8,157, — SlT(zlzllz) + THY

+ TLO — F0D =0 (24¢)
8h: 1((].())5 — (1([,()) _— xnl((l,(l))é - Tf’(;(’:) _— Fg().())

-%£=0 (24d)

56: [1((1‘2) 4 Jeo Zx(,l(“’) + xﬁl‘”-‘”]é
_ [1(140) — x(,I“’"")]/;i _ T(U.l) ¥ T(ﬁl“(‘l’) _ X“Ti(i'(l)
— FOD 4 PO _ x FOO 4 g = (24e)
as well as the

Boundary conditions (BC):
At the root (x, = 0)

U = U (25a)
=1 (25b)
8,8, = 18- (25¢)
h=h (25d)
0=20 (25¢)
and at the tip (x, = /)
Su,: THD = THD (26a)
8f TUD = THD (26b)
8g: B,TY" = 8T (26¢)
Sh: THY = TGP (26d)
B THD - TU = TRD - THY(26e)

Constitutive Equations

For a body whose material exhibits elastic symmetry with
respect to the plane x; = 0 (monoclinic symmetry), the stress-

strain relations are

gy Qu le Q:m €n
[Uzz] = l:Qu QO Q_:h] {ezz} 27)
T2 Qu e Qoo Yiz

[0'13] — [Q-u Q45:| {713} (28)
O3 Qs Oss Y23

where K? is the transverse shear correction factor; O and Q—,-,-
are the elastic moduli and their reduced counterparts, re-
spectively.

The governing equations for the wing structure are obtained
by expressing in Eq. (24) the stress couples 7¢"" in terms of
the basic unknowns, by using the constitutive equations and
Eq. (5). For example, T4’ can be expressed successively as

T9" = J 0, dA = f dxlj o2, dx;
A '3 H
n I(ky
= J’ dx, EI otf) dx,
'Y k=1 Yzth-D

f {2 (vl})ell + Q“\)e‘77 Qg(\,)'}’l"] 3}

= Sth- 1

~fa ]S

+ Q(k)x‘(O.z + &)l dxs:l (29)

“’(uﬂ + X3fan + 8X1X380)

where material properties are assumed to be piecewise con-
stant across the thickness of the wing. In Eq. (29) [, () dx,
and [, () dx; denote the integrals in the chordwise and thick-
ness directions, respectively. For the sake of generality, in
the forthcoming developments we will assume that the total
thickness of the wing

H{E i [y = Za l)]}

has a variation in both chordwise and spanwise directions [i.e.,
that H = H(x,, x,)]. Here, z,, is the distance in the thickness
direction from the reference plane to the top face of the kth
layer, and Q" are the reduced orthotropic moduli of the kth
layer. Using the definitions for the stiffness quantities given
in Appendix A, the stress couple T{;" takes the form:

T(z(;(’) = A:z“:,z + Bzzf:,z + Slézzgz,z + Bz(‘e‘z + Bz(ygz
(30)

Similarly, the remaining stress couples in terms of the dis-
placement quantities are

T(ztgu) = B:z“z.: + D:zf:.: + 8152282.2 + Dz(ﬁ_z + D-zagz

(3la)
TG = Assfr + f:‘ssg: + Ashsy + Ass(x0) 2 — jssﬁ:

(31b)
Tf_vlzJ) = é:z”:z + l:):zfz.z + 5|D:22g21 + D::oe.z + l:):ngz

(31¢)

T(.‘é‘” = anuz.z + D—(ﬁfl‘l + alD:(u'_’gl.Z + D(»(»o.z + Do(-gz
(31d)
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T!{“’ = Iissfz + /:‘ssg: + ;‘ssh.z + /‘:‘ss(xue).z - ;‘550.2

Governing Equations

Replacement of Egs. (30) and (31) in Eq. (24) results in
the equations governing the motion of wing structures under
the lift force &£ and the torque J. These are

duy: 99, + TOVf, + 8100, — (Asstts, + Baofs

+ 61é22g2.2 + B:(ﬂ‘: + Bzogz),z - F(gu'“) =0 (32a)

+ 51D:2:g2.2 + Dz(ﬂ.z + D-z(»gz)‘z + [Assfz + Iissgz

+ Agha + A(x,8) — Assfo] — FOD =0 (32b)
8gx: SV + 10, + 109g, — (Boity,

+ Dofor + 8,Dngas + Daglls + Dogs)

+ (Botirr + Dofor + 86,Deagan + Dyefs

b Dogd) + [Assfs + Asets + Aschs

+ Au(e8) 2 — Awbo] — FUD = 0 (32¢)
Sh: 100 — [[09 — x JOO§ — [Asfs + Assgo

+ Agsh, + Ass(x08), — 1‘:1559,:]‘:

~ FOO — ¢ = (32d)

86 [I0 + [0 — 2 JOO 4 x2[00]G _ [10©
— x JOOVi = (Bgattsr + Defos + 8:Degas + Deol
+ Dog)s + [Asshs + Ausgs + Asshs + Ass(1s8) 2
- /15(9‘3]‘2 — x[Assfs + Agsga + Agsha + Ay(xe0) 4
- -":155'9.2]‘2 - F{Y + F{O

- 5,F¢ —F =0 (32¢)

The expressions of mass terms /¢"» are displayed in Appen-
dix A. Concerning the static boundary condition (at the wing-
tip) they can also be converted in terms of the basic unknowns.

Alternative Form for the Aeroelastic
Governing Equations

Equation (32) constitute a tenth-order system of five partial
differential equations (PDEs) in terms of the basic unknown
functions u,, f5, g,, #, and 6. However, this system of gov-
erning equations can be equivalently reduced to a system of
four PDEs in terms of the unknowns f-, g,, 6, and A, only.
To this end we proceed to a simplification of Eq. (24a). Upon
disregarding the influence of the in-plane component of body
forces F-0, as well as of in-plane and rotatory inertia terms
(i.e., terms 19, I©-Vf, and 11-9%,), Eq. (24a) can be ex-
pressed as

T = 0 (33)

Integration of this equation yields
T4 = C(x)) (34)

where C(x,) is an arbitrary function of x,. However, by virtue

of the BC [Eq. (26a)] and upon postulating that there are no
in-plane spanwise loads at the wingtip, we have

TUO =0 at x, =1 (35)

Comparison of Eq. (34) with Eq. (35) yields
Clx) =0 (36)

By virtue of Eq. (30), used in conjunction with Eqs. (34) and
(35), one obtains

Azzuz‘z + B“’f” + 81é:2g2.2 + Bz(ﬂ.z + Bzﬁgz =0 (37

2 = _(1/Azz)(322f2,2 + 6|l§22 22t Bz(»o.z + B1og»)
(38)

1253

In conjunction with Eq. (38), eliminating u, from the system
[Eq. (32)], the aeroelastic governing equations result in a
system of only four PDEs in terms of the basic unknowns f,
&, h, and 6. Moreover, replacement of u,, as expressed by
Eq. (38) in the BCs results in only two sets of four boundary
conditions expressed at x, = 0 and x, = [, respectively. The
BCs which should be fulfilled at x, = 0 are, f> = f,; 8., =
0,8,; h = h; 8 = 0. As concerns the BCs at x, = /,
these will not be displayed here.

Consistent with this number of BCs, an eighth-order system
of four PDEs governing the aeroelastic motion of a cantile-
vered wing is obtained.

Equation (32), or its transformed counterparts, can be ap-
plied to the study of a variety of aeroelastic phenomena of
anisotropic, composite cantilevered swept-wing structures.
However, within this article, only an assessment of the effects
of transverse shear deformation and warping restraint upon
the static aeroelastic response and divergence of a composite
cantilevered swept wing will be given. To this end, a spanwise
uniform rectangular swept wing composed of a transversely
isotropic material is considered.

Case Study: Uniform Rectangular Swept-Wing Model

Consider a swept (forward or backward) uniform rectan-
gular wing with a straight elastic axis coinciding with the ref-
erence axis directed along the spanwise midchord line for
which case x, = 0 (see Fig. 1). The wing is composed of a
single transversely isotropic material whose plane of isotropy
is parallel at each point to the reference plane of the wing.
For such a material the nonzero elastic coefficients are>?

Qu = -2: = £ > (39a)
1 -
- E
Op = 1= .- (39b)
-~ B E
Q(m = Glz - 2(1 + V) (39C)
Q44 = st =G’ (39d)

In Eq. (39), E and v denote the ratio associated with the plane
of isotropy, whereas G,, denotes the tangential shear mod-
ulus. All geometric and structural properties are constant along
the span, and the chordwise rigidity assumption yields con-
stant values for the stiffness coefficients in the chordwise di-
rection. ,

The static counterpart of the governing Eq. (32) considered
in conjunction with Eq. (38), and with the fact that for the
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LINE OF AERODYNAMIC
CENTER

b) 1

Fig. 1 a) Geometry of a swept wing and b) the chordwise-rigid plate
model.

considered structural configuration the coupling stiffness terms
B, vanish, results in

R A . . .
m<ﬁ> 3" = -k =0 (400)

R _ R _
—= s |———H 1|0
[2(1 PR 1] & [za ) ]

R AY . .

%1 EY R E
F T S ) AR

R a\
S S AQ R
3(1 — 1/2) < A R> a, tan AQ h

R H?

= T8 - ) AR ay@yQ, (40c)

R _ R _
e A - g+ [+ 1 6
[2(1 P ]g- [2(1 ) ]

R H>
1 . V:ﬁa()eQno'k

R (A .
—4 = <ﬁ> a,eQ, tan Ah

R A .
= =277 AR (@fd + Gl Qs (40d)

whereas the associated boundary conditions are
atn =0

fr=gt=h*=6 =0 (a1)

andatn =1

R .
+ [———— A + 1] 0" =0 (42)

In the above equations the starred quantities are defined
as

h* = hlc
0* = 0
, (43)
1t = ARf2
gr =g,

while the primes indicate differentiation with respect to the
nondimensional spanwise coordinate 7. In addition,  Q, =
q,cl’/D,, is the normalized dynamic pressure; while &,
and &, are defined respectively as

@y = &y — «

corr

d/e

) (44)
a_ll = a() - acnrr
where o, represents a correction to the rigid angle of attack
a,, due to the wing load factor N defined as

21 ! 21
N = W cq,4a, J:, a dn = W €q, 00X o (45)
where
2 tan A
ar = + 0 — ——— h*’ 4
Ay @, AR (46)

Equation (46) expresses the effect of bending deformation on
the effective angle of attack e, i.e., amplification for a swept-
forward wing (A < 0), and attenuation for a swept-back wing
(A > 0). The determination of a, in Eq. (46) requires the
solution of the system of Egs. (39-45). Initially, by solving
the system of Eq. (40) in conjunction with the boundary con-
ditions [Eqgs. (41) and (42)], based on a solution with a zero
load factor is obtained. Based on this initial solution, N is
computed from Eq. (45) which, in turn, is substituted back
in Egs. (40) and (45). Upon repeating this iterative procedure,
the solution to the static aeroelastic problem is obtained when
a convergence criterion for N is satisfied. The results obtained
for 6* and h*' give the spanwise distribution of the effective
angle of attack [Eq. (46)] which in turn, yields the static
aeroelastic load distribution &£ = g¢,caya.,. Implicit in the
above solution is the effect of transverse shear deformation
quantified by the parameter R = E/G’. A zero value for
R corresponds to a structure featuring an infinite rigidity
in transverse shear (G' — ), which is consistent with
Kirchhoff’s model.

As a further reduction, fi and g7 can be eliminated from
the system of Eqgs. (40—42) to result in an eighth-order system
of two coupled ODE:s in A* and ¢* which requires the pre-
scription of four boundary conditions at each end. The re-
sulting system of governing equations is

B = mRQE + MRQ, 6™ + MmO,

— m;Q,0% = ms (472)
4m,, — myR
e*mr _ ( m;l R ’:l(»lQn) 6*" — mene* + m|7Q,,h*/
m .
- r—nﬁRQ"h*m = My + my (47b)
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with the boundary conditions
at the root, n = 0

mRR*" — mmRQ,h*" + mm;R*Q,8" + h*' =0

(48a)
mR(m,R + 1)0*" + [(myR — 1)* + mmR*Q, 6"’
- mm,R*Q,h*" =0 (48b)
h* =20 (48¢)
0" =0 (48d)
at the tip,m = 1
B*" + miRO,0* — m,RO* = —msR  (49a)
(m.R + 1)6* + m,RQ,0* — m,RQ,h*" = —(m, + m,)R
(49b)
" — m,RQ K" + myRQ, 60" =0 (49¢)
(m,R + 1)0*" — (dm,» — m,RQ,)0*" — m,RQ I = 0
(49d)

The coefficients intervening in the above equations are dis-
played in Appendix B.

In addition to transverse shear, the above system of equa-
tions and the associated boundary conditions incorporate the
warping restraint effect. For a free warping model, Eq. (47a)
remains the same and Eq. (48b) should be replaced by

(m:R + 1)0™" + meRQ,0" — m,RQ, W™ = —(my + my)R
(50)

As to the associated boundary conditions, Eq. (49d) should
be discarded, and Eq. (48b) should be replaced by

' =0 at 5 =1 (51)

It is also readily seen that due to the considered type of
anisotropy considered herein, the bending-twist coupling is
of aerodynamic nature only.

Solution Methodology
The system of Eq. (47) in conjunction with BCs, Eqgs. (48)
and (49), can be solved for its eigenvalues and eigenmodes
by the exact Laplace integral transform method LT. This
technique transforms the eighth-order system [Eq. (47)] to a
linear algebraic system of equations expressed formally as

Cis) D] [6() b,
where Ai(s) = LT[h*(n)] and 6(s) = LT(8*(n)] are the La-
place transforms of #* and 6*, respectively. The terms of the
determinant in Eq. (52), 4, ..., D are polynomials in s
whose coefficients are combinations of the constants defined
in Appendix B as well as of the four unknown functions eval-
uated at the root (n = 0), namely k£*'(0), A*"(0), 6*'(0), and
6*"(0). These quantities result from the application of the root
boundary conditions [Eq. (48)] in the Laplace transformation
process of the derivatives of A* and 6*. Solving Eq. (52) for
h(s) and (s) and taking their inverse Laplace transforms, the
spanwise distribution of the mode shapes can be obtained as

Wi () = Hy(mh*'(0) + Hy(mh*"(0) + H;(m)6*'(0)

+ H(n)6*"(0) + F,(n) .
o*(n) = T.(mh*'(0) + To(n)h*"(0) + Ts(n)6*'(0)

+ Ty(m)6*"(0) + Fr(n)

where the spanwise functions H(n) and T(n) (i = 1.4) de-
pend on the parameters R, Q,. AR, H. v, a,. €, and A,
whereas in addition to these parameters the functions F,,(7)
and F(n) depend also on «,, Cy,... d/e, and N.

In order to determine the four unknown quantities in Eq.
(53) we enforce the remaining four boundary conditions at
the tip [Eq. (49)], yielding a linear system of equations for
the four unknowns

AX = B (54)

where X = [A*'(0), A*"(0), 8*'(0), 6*"(0)]", Bisa 4 x 1
vector containing linear combinations of F;, Fr, and their
spanwise derivatives evaluated at 7 = 1. The elements of the
4 X 4 matrix A are a set of linear combinations of H,, T,
(! = 1,4), and their spanwise derivatives are evaluated at
n=1.

The lowest value of @, for which det[A] = 0 corresponds
to the critical (divergence) dynamic pressure. In the subcritical
flight range the solution of Eq. (52) yields the four unknown
quantities needed for the determination of the mode shapes
in Eq. (53). In turn, these mode shapes, when substituted in
Eq. (46), will supply the static aeroelastic load distribution
on a swept wing in the subcritical range. A detailed study of
the combined and separate effects of transverse shear defor-
mation and warping restraint upon divergence and load dis-
tribution is given below. Although restricted in the numerical
illustrations to a special case, this method is quite versatile
and can be applied to the most general case furnished by Eq.
(32). Note that the above methodology is applied to the sys-
tem with warping restraint effect. In similar fashion it can
also be applied to the system with free warping exhibiting
only three unknowns in this case, namely, #*'(0), 2*"(0), and
6'(0).

Numerical Illustrations

Several cases related to a rectangular swept-wing configu-
ration of various aspect ratios with uniform cross sections are
considered. Throughout the numerical illustrations the fol-
lowing parameters are prescribed: C,,,. = d = 0,é = H =
0.1, v = 0.25, oy, = 5deg, and &, = 27/[1 +(4/AR)cos A].
Here, we consider the transverse shear correction factor K2
to be unity. The effects of transverse shear flexibilities will
be reflected by the range of values from 0 to 100 assigned to
R (=E/G"); R = 0 yielding the classical results based on
Kirchhoff’s hypothesis, and R = 100 corresponding to a
rather high flexibility degree in transverse shear. The warp-
ing restraint and free warping effects will result from two sep-
arate sets of calculations (depending on whether 8, takes on
the value 1 or 0, respectively). In the case of warping re-
straint the order of the governing equations is eight, requir-
ing fulfillment of four boundary conditions at each end of the
wing. In the free warping case, the order is reduced by two,
requiring fulfillment of only three boundary conditions at
each end. Hence, in each case, the calculation of the mode
shapes requires solving a separate system of equations.

The onset of static aeroelastic instability (divergence) cor-
responds to the lowest value of O, rendering zero the deter-
minant of A. Three sets of results are obtained for the nor-
malized divergence dynamic pressure 0, as a function of R
for three forward sweep angles A = —20 deg, —40 deg, —60
deg. The warping restraint effect is implicit in these results.
As expected, the wing with a higher forward-sweep angle
becomes unstable at a lower dynamic pressure. The critical
values of O, exhibit small variations over the entire range of
R including R = 0, pertinent to the classical theory; the max-
imum change being 6% for A = —20 deg, 3.5% for A =
—40 deg, and 2% for A = —60 deg. In this case the effect
of transverse shear deformation upon divergence is a higher
order correction to the classical results. The reason for this
weak effect stems from the fact that, at the onset of instability,
the order of magnitude of the elements of the determinant of
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the system [Eq. (54)], which contain the mode shapes and
their derivatives evaluated at n = 1, becomes very high (in-
finite) and even higher for larger forward-sweep angles. Hence,
the effect of a finite variation of R on the order of magnitude
of these elements is a higher-order effect, and much higher
for larger forward-sweep angles. However, in the subcritical
range, the magnitudes of the mode shapes and their deriva-
tives are finite. Consequently, the effect of R on these mode
shapes should be more pronounced. Indeed, this can be seen
in Fig. 2 where the effect of R on the spanwise distribution
of a.q/e, is quite substantial. Two sets of results are shown,
each corresponding to two sweep angles (A = =20 deg), with
R varying from 0 to 100 with an increment of 10 in each case.
Here, AR = 6 and the flight dynamic pressure is 75% of its
critical value. Note that the distributions corresponding to R
= 0 represent classical results. It is clear from these results
how extensive the amplification effect of transverse shear de-
formation is on the static aeroelastic load distribution for a

;o,
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n* 0.757
= 3.9609

O O
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0 T T T T
] 0.2 0.4 0.6 0.8 1
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Fig. 2 Spanwise distribution of the normalized effective angle of at-

tack for A = *20 deg and E/G' = 10n; n = 0, 1, . . . 10, including
WR effects.
12
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Fig. 3 Spanwise distribution of the normalized effective angle of at-
tack for the classical (E/G’ — 0) and TSD (E/G’ = 60), including WR
effects for A = +40 deg.

5 =0 R =60
AR =6
Qn=0.885

0 T T T T
0 0.2 0.4 0.6 0.8 1

Fig. 4 Spanwise distribution of the normalized effective angle of at-
tack for the classical (E/G’ — 0) and TSD (E/G’' = 60), excluding WR
effects (FW) for A = =40 deg.
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] 0.2 0.4 0.6 0.8 1

Fig. 5 Warping restraint and free warping effects on the spanwise
distribution of the normalized effective angle of attack for E/G’ = 60
and A = *40 deg.

swept-forward wing. The comparison between the classical
result (R = 0) and that for R = 100 yields an underestimation
of the load distribution predicted by the classical theory by
as much as 25%. It is obvious that we can no longer consider
the effect of R as a higher-order correction to the classical
results, as was the case for the divergence calculations. How-
ever, for a swept-back wing the effect of R is very small, and
in this case the classical theory can be applied with enough
confidence. Implicit in these results is the warping restraint
effect. Here, we note that the combined effect of TSD and
WR is to amplify the static load distribution more than what
the classical theory predicts. However, in order to make a
contrast between the warping restraint and free warping ef-
fects upon the static aeroelastic load distribution in the pres-
ence of transverse shear deformation, a swept-forward (A =
—40 deg) and a swept-back (A = 40 deg) wing of AR = 6
in the subcritical flight range are considered. The spanwise
distributions of a,./a, are generated for both warping re-
straint and free warping models and are displayed in Figs. 3
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Fig. 6 Warping restraint and free warping effects on the spanwise
distribution of the normalized effective angle of attack within the
framework of classical theory (E/G’ — 0) and for A = +40 deg.
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R=40

AR =8 A =—go
5{Q =08

FIg

0 0.2 .4 0.6 0.8 1

Fig. 7 Spanwise distribution of a.,/a, for wing sweeps A = =30
deg and A = *60 deg, including TSD and WR effects.

and 4, respectively. In Fig. 3, the discrepancy between the
classical results (R = 0) and the results for R = 60 is about
20% for A = —40 deg, and in the case of the free-warping
model, Fig. 4, the discrepancy between similar results is slightly
larger than that for the warping restraint model. To further
evaluate the difference between the WR and FW models for
a given R, Figs. 5 and 6 present.such comparisons for R =
60 and R = 0, respectively. In comparison with the warping
restraint model, the free warping model slightly overestimates
the aeroelastic loads (5-7%) for A = —40 deg; both models
yielding virtually the same result for A = 40 deg. Here, we
note that the combined effects of TSD and FW tend to amplify
the load distribution more than in the case of WR. Therefore,
the exclusion of the WR effect yields a conservative estimate
of the onset of static instability. Finally, forward sweep is
found to have a profound impact on the static load distribution
as shown in Fig. 7 when both TSD and WR effects are in-
cluded. In passing, we must underline the fact that the am-
plification ratio measured in terms of ./, is shown to be

relatively large in all above results (Figs. 2—7) due to the
relatively chosen high subcritical flight speed range.

Conclusions

A general formulation of aeroelastic equations for com-
posite cantilevered swept-wing structures based on the first-
order transverse shear deformation theory has been pre-
sented. The theory which is suitable for parametric studies
represents a significant departure from the existing ones in
that it incorporates a number of effects in the structural model
which have not been considered up to this time. The previ-
ously derived models of wing-structures (as e.g., the ones in
Refs. 4, 12, and 13) can be easily obtained by simple spe-
cialization of the present theory. In this work, a study of the
effects of transverse shear deformation and warping restraint
upon the static aeroelastic behavior of a uniform swept wing
constructed from a transversely isotropic material is per-
formed. Underestimated by the classical theory (infinite ri-
gidity in transverse shear and free warping), these two effects,
in a separate or coupled presence, yield a significant ampli-
fication of the aeroelastic load distribution for a swept-for-
ward wing. These effects, however, only slightly alter the
results of the aerodynamic load distribution for a swept-back
wing, or the critical dynamic pressure for a swept-forward
wing, obtained by the classical theory.

A subsequent study of the implications of these effects on
other static and dynamic aeroelastic problems is underway.

Appendix A

Expressions of the rigidity quantities and mass terms

N Y

[Au(x:)- I‘iif(xz)v ii(xl)] = f A;(L xy, x7) dx, (Ala)

[Bij(xz)~ éi/(x:)w é//(/\'z)] = f B,(1. x,. x7) dx, (Alb)

S

[D,(5). By, Bye)] = [ Dy(Lxioxd) dx,  (AL)

where

[A;(x15 x2), Bij(x1. x2), Diy(x,, x5)]

i )

k=1 7%k-1n

k)

Q_ij(lv X3, x3) dx, (A2)

denote the stretching, bending-stretching and bending stiff-
ness quantities, respectively.
A more explicit form of expressions Eq. (A2) is

Ay(xy, x2) noo_ Ziy T k-1
Bi/'(xla x)| = E Qf:) %[2(2“ - Z(:,\. .1)] (A3)
D;(x,, x,) k=1 .3 _ 3

G 2 200 = 26 )]

while

Ass(x,, x,) = K2 AE Q(sl;) 2w = zw-n) (A4)
=1

(m.p)

The mass terms / defined in Eq. (22) can be expressed
as

["”"”(xz) = j xllnM,Hl dx, (AS)
where
1 & » »
Mp = ;AZ, p(k)[z(k) - Z("'fl)] (A6)

P, denoting the mass density of the kth layer.



712 KARPOUZIAN AND LIBRESCU: ANISOTROPIC COMPOSITE AIRCRAFT WINGS

Appendix B
Coefficients intervening in Eqs. (47 —49)

_ (HIAR)?

= e B1
T3 - (Bla)
1:12
, = B1
T2+ v) (B1b)
my = im,a, AR (Blc)
m, = m,a, tan A (B1d)
ms = im,a,&, AR Q, (Ble)
_ 2af E
M T T AR (B19)
2 tan A
my; = —Xk—mﬁ (Blg)
my = m(an&() (B1h)
2Cmuch 1:12 :
Mo =T -2 AR (B1i)
m- . O .
m; = —m-:,/ = (2.9 (B1j)
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